Cubical Type Theory

Free bounded distributive lattice

The free distributive lattice on a set J can be described as the set of finite antichains in the poset of
finite subsets of J, for the order L < M if, and only if, for all X in L there exists Y in M such that
Y C X. We think of an element L as a formal representation of Vxecr Aucx u.

The free distributive lattice on J where we impose some relations of the form A,cxu = 0 for some
given set C' of finite subsets has a similar description: it is the set of finite antichains of finite subsets
not containing any element of C.

In both cases the elements of the form A,cxu are exactly the join irreducible element of the lattice,
and we call Ayexu a face of an element L for X in L (these are exactly the maximal join irreducible
element below this given element of the lattice).

Interval and Face lattice

rys u=0|1]|i|1l—=d|rAs|rVs o) =01 (r=0)|(r=1) oA ]|V

The equality on the inverval I is the equality in the free bounded distributive lattice on generators
i, 1 —1. This lattice has a canonical involution, and hence a structure of de Morgan algebra. The equality
in the face lattice F is the one for the free distributive lattice on formal generators (i = 0), (i = 1) with the
relation (i = 0)A(i = 1) = 0. Wehave [(rVs) =1] = (r=1)V(s=1) and [(rAs) = 1] = (r = 1)A(s = 1).
An irreducible element of this lattice is a face, a conjunction of elements (¢ = 0) and (j = 1) and any
element is a disjunction of irreducible elements (unique up to the absorption law).

The following observation will be useful for defining composition for glueing. Any formula ¢ has a
decomposition 6 V (¢o A (i = 0)) V (1 A (i = 1)) where § is the disjunction of all faces of ¢ not containing
i, and g (resp. ¢1) the disjunction of all faces a such that a A (i = 0) (resp. A (i = 1)) is a face of .
We can then define Vi. as being 4.

Contexts and Terms

AT = ()| T,z A|Tyi:T| T,
t,uyA,B = x| Xx:At|tt|tr|@)t]| (x:A) —=B|(x:AB)|tt]tl]|t2]pt
pt n= Yrug VeV g

We define ordinary substitution ¢(z = u) and name susbtitution ¢(i = r) as meta-operations as usual.
We may write £(40) instead of ¢(¢ = 0) and ¢(i1) instead of ¢(i = 1).

Basic typing rules

kA NS I'kep:F keI keI
Nx:AF Fi:IF Lok 'E(r=1):F 'k(r=0):F
'k , 'k L
TEo A (x:AinT) Tl (::Tin T)
Iz:AFB z:AFt:B 'tt:(z:A)— B F'u:A
't(z:A)—B P'X:At:(z:A)— B I'ktu:Bu)



Sigma types

I'z: A+ B 'a:A THFb:B(a) 'z:(z:A,B) 'kz:(x: A B)
'k (z: A, B) 'k (a,b):(z: A B) '-z1:A4 'k 22:B(z1)
Path types
A Thra:A Thra:A TFA  Ti:lkt:A
'+ Path A ag ay 'k (i)t : Path A (i0) t(il)
I't:Path A ag aq T'kr:1 I'+t:Path Aag ar T'tt:Path A ag ay
'Ftr: A 'Ft0=ag: A I'Ftl=a1:A

We define 1, : Path A a a as 1, = (i)a.
We add the usual 8 and n-conversion laws, as well as projection laws and surjective pairing.
With these rules we also can justify function extensionality

kt:(z:A)— B F'tu:(z:A) — B 'kp:(x:A)— Path B (t x) (u x)
() x:A pxi:Path (z:A) — B)tu

We also can justify the fact that any element in (x : A, Path A a x) is equal to (a,1,)

I'ta:A TFHbD:A I'kp:PathAab
I'E @) (pi,(G)p (iAg)): Path (z: A, Path A a x) (a,1,) (b,p)

For justifying the transitivity of equality, we need A to have composition operations.

Partial elements
Tho<y T,pFA Trho<i T, Fu:A

oA oFu: A
Loy HAL ... Ty b Ag Lo ANpj A = Aj
Lopr Ve Vapg B a1 Ag Ve Vi Ay
Loy buy: Ay oo Top b g Ag Lo AN Ay = A Lo Ny Fuy =y 0 A

Lopr VeV Ehpug Ve -V hgpug t 1Ay Ve VR Ay,

We can have k = 0 in which case we get a dummy element of type A in the context I';0.

We also have Y1uy V- - Vpup =u; : Aifyy,=land 1 V- - ViYypFu=v:Aif Y, Fu=wv: A for

t=1,...,k. Finally, we add that TF-r=1ifTH1=(r=1).

IT ok wu:AthenT'F a: Alp — u] is an abreviation for ' a: Aand I';po - a = u : A. In this
case, we see this element a as a witness that the partial element u, defined on the extent ¢, is connected.

For instance if I',i : TF A and T',i : [, o F u : A where ¢ = (i = 0) V (i = 1) then the element w is
determined by two element I' - ag : A(i0) and ' a; : A(:1) and an element I',i : T+ a : Ay — u] gives

a path connecting ag and a;.

We may write I'Fa : Althy = uy,..., 0 — ug] for TFa: A V- Vb v hrug V- -V hgug]. This

means that TFa: Aand 'Y, Fa=wu; : Afori=1,... k.



Composition operation

'y T,i:IFA T,pi:IFu:A T Fag: A@0)[p — u(i0))
I' - comp? A [p — u] ag : A(il)[p — u(il)]

Kan filling operation
We recover Kan filling operation

L,i:THfill' A g u] ag = comp’ A(i Aj) [p— u(iAj),(i=0)— ao) ao: A
The element i : I+ v = fill' A [p — u] aq : A satisfies

I' - v(i0) = ag : A(i0) I'Fv(il) = comp” A [p + u] ag : A(il) p,i:TFv=u:A

Recursive definition of composition

The operation comp® A [¢ — u] ag is defined by induction on A.

Product type
In the case of a product type i : I+ (z: A) - B=C, wehave i : Lo F pu: C with and F A\ : C(i0)[p —
1(i0)] and we define, for F u; : A(il)

(comp’ C [ = p] Xo) uy = comp’ B(z = v) [p = p v] (Ao o)

where i : THv=w(l—i): Aandi:TFw="fill" A(1—14) [ u:A(l—1i)and up = v(i0) : A(i0).

Path type

In the case of path type ¢ : I+ Path A wv=C we have i : [, o F p: C and F py : C(i0)[p — p(i0)]. We
define

comp’ C [+ p] po = (j)comp’ A [o = 1 j,(j =0) — u, (j = 1) = v] (po j)

Sum type

In the case of a sigma type i : IF (z: A, B) =C given i : [, F w : C and F wq : C(i0)[p — w(i0)] we
define _ _ _
comp’ C [p — w] wy = (comp® A [p — w.1] wg.1,comp’ B(x = a) [p — w.2] wy.2)

where i : 1+ a =fill' A [p— w.1] we.1: A.

Example

If i : T+ A, composition for ¢ = 0 corresponds to a transport function A(i0) — A(:l).

If I is an object of C the lattice F(I) has a greatest element < 1 which is the disjunction of all
(i =0)V (i =1) for i in I. This element can be called the boundary of I. Composition w.r.t. this
boundary gives the usual operation of Kan composition, which witnesses the existence of a lid for any
open box.



Two derived operations

The first derived operation states that the image of a composition is path equal to the composition of
the respective images.

Lemma 0.1 If we have A,i: 1o :T — A, AF¢ and Ay, i: It : T with AFto: T(i0)[¢p — ¢(:0)]
then we can build

A& pres(a, [th + t],tg) : Path A(i1) (comp’ A [t ~ a] ag) o(il) (comp® T [¢) + t] to)
where A+ ag = 0(i0) to : A(i0) and A,i: 1,9 Fa =0 t: A. Furthermore, we have
A, pres(o, [ — 1], to) = (j)a(il)

We define isContr A = (x : A,(y : A) — Path A x y) and isEquiv A B f = (y : B) — isContr(z :
A,Path Ay (f z)) and Equiv(T, A) = (f : T — A,isEquiv T A f).
The second operation corresponds to a reformulation of the notion of being contractible.

Lemma 0.2 We have an operation

F'kp:isContr A T ,pku:A
Tkextp[p— ul:Alp — u

and it follows that we have an operation equiv(c, [0 — t],a) = ext (0.2 a) [0 — (¢, (j)a)]

AFo:Equiv(T,A) A6Ft:T Aba:Ald— ot
A F equiv(o,[d — t],a) : (z: T,Path A a (0 2))[6 — (¢, (j)a)]

A definition of ext

We assume given I' = p : isContr A and I', o - u : A. We define ext p [ + u] = comp® A [¢ — p.2 u i] p.1
so that T'Fext p [p — u] : Al — u].

A definition of pres

We assume given Aji:IFo: T - A AF¢and Ao, i:IF¢: T with AFtg: T(i0)[¢ — t(i0)]. We
define A F ag = 0(i0) to : A(40) and A;i: L,y Fa=0t: A, and

Aji:TFu=fll" Ay —ala: A Ai:TFo=Ffilll T [p—t]ty:T

We define then pres(a, [t — t],t9) = (j)comp® A [tp — o t,(j =0) —~ o v,(j = 1) = u] ag



Glueing
'A T,oFT T,pFo:Equiv(T, A) 21
T+ Glue(A, [ — (T,0)]) 7
I'obo:Equiv(T,A) T,pkt:T T'ka: Alp — ot 21
T'F Glue(a, [p s 1]) : Glue(A, [p s (T, 0)]) ?

We define glue(A, [p — (T,0)]) = Glue(A,[¢ — (T,0)]) if ¢ # 1 and glue(4,[p — (T,0)]) =T if
¢ = 1. Similarly we define glue(a, [ — t]) = Glue(a, [¢ — t]) if ¢ # 1 and glue(a, [p — t]) =t if p = 1.

Any element of the type glue(A, [¢ — (T,0)]) can be written in an unique way of the form glue(a, [p —
t]) with o Ft: T and a : A[p — ot].

We define the substitution Glue(A4,[p — (T,0)])f = glue(Af,[of — (Tf,of)]) and Glue(a,[p —
t])f = glue(af,[pf — tf]).

Composition for glueing

Assume I'i:IF Aand Ii: I @ and I',i : I, o : Equiv(T, A). We write B = glue(A, [ — (T, 0)]).
Assume also T' F ¢ and T',4 : [, F b = glue(a,[p — t]) : B and T' F by = glue(ag, [¢(i0) — to]) :
B(i0)[¢) — b(i0)].

The goal is to build T' & by : B(i1)[¢) + b(i1)]. Furthermore, we should have b; = comp® T' [ — ] g
ifli:IFp=1.

We have I', ¢ F a(i0) = ag : A(10) and T', 9 A ¢(i0) & £(i0) = t¢ : T'(i0). Furthermore I', ¢(i0) - ag =
o(i0)to : A(i0) and Tyi: Lo Ay Fa=ot: A.

We define a} = comp® A [ +— a] ag so that T'F a} : A(il) and T',9 F @} = a(il) : A(il).
Take § = Vi.p. We have I',,¢,i: IFa =0t and T',0 F ag = 0(i0) 5. Hence, using Lemma 0.1

[0 Fw=preso [tp —t] tg: Path A(i1) a} (o(il) t})

where t; = comp® T [t > t] to. We can then define af = comp? A(il) [§ — w 7,7 — a(il)] @} so that
Pkaf: A(il) and T, ¢ - af = a(il) : A(il) and T, 6 F af = o(i1) t] : A(41).

We have T',p(il) F o(il) : T(il) — A(il) and T' F af : A(i1) and T,0 F of = o(il) ¢} and
D, Ap(il) b af =a(il) = o(il) t(il). Using Lemma 0.2 we get

t1 = equiv(o(il), [§ = t], 9 — t(il)],a?).1 a = equiv(o(il), [§ — t], ¥ — t(il)],a?).2
so that T, p(il) F t1 : T(i1) and T', p(il) F « : Path A(i1) af (o(il) t1). We then define
ay = comp’ A(il) [p(il) = a j§,¥ +— a(il)] af by = glue(ay, [p(il) — t1])

We have T' - by : B(il)[1) — b(i1)] as required and, if T',i : T+ ¢ = 1 we have by = comp® T [ — t] to.



Identity types

We explain how to define an identity type with the required computation rule, following an idea due to
Andrew Swan.
We define a new type Id A ag a; with the introduction rule

't w: Path A ag a1[p — (i)ag]
Ik (w,0):1d Aagay

We can now define r(a) = ((j)a,1) : Id A a a.
GivenTFa=(w,¢):1d Aax wedefine ;i : TFa*(i):1d A a («i)
a*(i) = ((G)w(ing), eV (i =0))
This is well defined since I',i : I, (i = 0) - (jHw(i Aj) = Jlaand T,i: [ p F (Hw(i A j) = ()a.

IfwehaveIz: Aja:ld AaaxtCandTHb: AandTHB:ld Aaband I'Fd: C(a,r(a)) we take,

for g = (w, )
Jb B d=comp’ C(wi,B*(i)) [¢+~ d] d:C(b,J)

and we have J a r(a) d = d as desired.
Ifi:TFId Aaband pg = (wo, o) : Id A(:0) a(i0) b(i0) and ¢,i: I+ ¢ = (w, ) : Id A a b such that
¢ I q(i0) = po we define comp® (Id A a b) [p — q] po to be (v, ¢ A1(il)) where

v = (j)eomp’ A [p = w j, (j = 0) = a, (j = 1) = 8] (wo j)

Factorization

The same idea of Andrew Swan can be used to factorize a map

'rf:A—- B 'f:A—=B T,pFa:A Tkrb:Blp— fd
I'EG(f) ' [p—ad]):G(f)

We define pg : G(f) — B by pa(b, [p — a]) = b and c(a) = (f a,[1 — a]) and we have a factorization of
the map f =pgoc.
The composition for G(f) is defined by

comp’ G(f) [ = (b, [ = a])] (bo, [0 = ao]) = (comp® B [p = b] bo, [0 A4(i1) = a(il)])
Here is one application of the type G(f). Suppose that we have a dependent type D(v) (v : B) with

a section g(v) : C(v) (v: B) and h(a) : C(f a) (a: A) with w(a) : Path C(f a) g(f a) h(a) (a: A). We
can define a new section g(u) : C'(pg w) (u: G(f)) such that g(c a) = h(a) (a : A). The definition is

9(b,[p = a]) = comp’ C(b) g(b) [y > w(a) ]

It can be checked that ¢ has the lifting property w.r.t. any trivial fibrations. Also pg is a trivial
fibration, since G(f) can be defined as the sigma type (b: B, Ty (b)) where Ty(b) is the contractible type
of element ¢ — a with I',opFa: Aand I',o - fa=0b:B.



Appendix 1: self-contained operational semantics

We use a, 3,7, ... for the “faces”, irreducible elements of the distributive lattice F. If we restrict context
as follows
r := ()|Tz:A|1,i:I|T,«

then any partial element in such a context is equal to a total element. This follows from the fact that
faces are irreducible element. To test a judgement in a context I', ¢ is then reduced to test the judgement
in the context I', a for all irreducible component a of .

kA N F'ky:F N ) r- .
Tx:AF T,i:1F F,zl— TFz a@AmD) oy (Ghind)
z: A+ B z:Akt: B F't:(x:A)—B F'Fu:A
'(z:A)— B F'FXx:A t:(x:A)— B PHtwu: Bu)

I'z: A+ B 'Fa:A TFb:B(a) 'kz:(x: A B) I'kz:(x:AB)
'k (xz: A B) 't (a,b): (z: A, B) F+z1:4 't 22:B(z1)
I'tA TFag:A 'Fa: A 'A Ti:I-t: A

'+ Path A ag a1 I'F (i)t : Path A (i0) t(il)

I't:Path A ag a1 T'kr:I I't¢:Path A aqy ap I't:Path A ag a1

T'kFtr: A I'Ft0=ag: A T'Ftl=a: A

'y T,i:IFA T,i:LeFu:A TFag: A®0)[p — u(i0)]
I'F comp? A [p — u] ag : A(i1)[e — u(il)]

L,i:THfill' A g u] ag = comp’ A(i Aj) [p— u(iAj), (i =0)— ao) ao: A
Fori:IFC=(x:A)— B
(comp’ C o 1] Ao) ur = comp’ B(z =) [~ s 1] (Ao o)
where i : T+ v = fill' A(1—14) [] uy: A and ug = v(i0) : A(i0).
Fori:IFC =Path Auw
comp’ C [p = p] po = (j)comp’ A [p = 11 j, (j = 0) = u, (j = 1) = v] (po )
Fori:I1FC=(x: A, B)
comp’ C' [ +— w] wy = (comp® A [p = w.1] wp.1,comp’ B(z = a) [p — w.2] w.2)
where i : T+ a =fill' Ao~ w.1] wo.1: A.

We define isContr A = (2 : A,(y : A) — Path A x y) and isEquiv A B f = (y : B) — isContr(z :
A,Path Ay (f z)) and Equiv(T, A) = (f : T — A,isEquiv T A f).

'rA T,oFT T,¢Fo:Equiv(T, A)
I'tglue(4,[p— (T 0)]) T,pkglue(4, o (T,0)]) =T
D,pko:Equiv(T,A) T ,okFt:T T'ka: Alp — ot]
' glue(a, [p = t]) : glue(A, [p — (T, 0)])[p — 1]
For I';i : T+ B = glue(A, [¢ — (T, 0)]) we define

comp’ B [tp — glue(a, [¢ — t])] glue(ag, [¢(i0) — to]) = glue(ay, [p(il) — t1])

where .
ap = comp’? A(il) [p(il) — a 4,9 — a(il)] af r
t1 = equiv(o(il),[d = t], ¢ — t(i1)],a}).1 T, p(il)
a = equiv(o(il), [d — ¢, — t(i1)],af).2 T, o(i1)
al! = comp? A(il) [0 — w j, ¢+ a(il)] a} r
w = preso [t ty | )
th = comp' T [+ t] to r,o
ay = comp® A [+ al ag r
0 = Vi r



Name-free presentation

r,A = (|T.A|TI|T,¢
@, = 0[1[(r=0)](r=0)][eAd|eVi]|ef
r,s = 0|1l]q|l=r|rAs|rVs|rf
t,u,A,B == q| X |app(t,t) |[tr| ()t | TAB|XAB|tt|tl]|t2
= tf | comp A [p— u]t]| Glue(4,[p— (T,u)]) | Glue(a,[p — ul]) | pt
pt = rur V- Vibgug
frg = plgf 11 (f,w)]|(fr)
'A '+ 'Fe:F 'A '+
A+ I Lok NAkq:A4p T.Ikgq:I
A+ B rArt¢:B '-t:11AB F'tu:A
I'-II AB 'Xt:11AB '+ app(t,u) : Blu]
A+ B 'Fa:A TFb:Bld 'z2:2AB 'z2:2AB
'EXAB I'k(a,b): X AB 'kz1:A 'k 2.2: B[z.1]
'A TFap:A ka;: A r-A Pikt: A
'k Path A ag a4 'k ()t : Path A t[0] ¢[1]
I't:Path A ag a1 I'kr:I T't¢:Path Aay aq I't:Path A ag a1
I'Ftr: A I'Ft0=ag: A I'Ftl=a1:A
'y TIFA TILepku:A T Fag: Al0][e — ul0]]
L't comp A [p — u] ag : A[1][¢ — u[1]]
'k f:A=T ¢g:0—-5A A f:A=T 't A f:A=>T
1:T' =T fg:© =T A Af AFtf:Af
f:A—=T TFA AtFu:Ac f:A—=T Abr:I
(fu): A—=T.A (fy,r): A—=TI
f:A—=T Ary:F f:A=>T Tre:F AF1=¢f
f:A¢Y—>T f:A=T e
If=f1=f5 (fg)h=r(gh) Al=A (Af)g=A(fg) ul=u (uf)g = u(fg)
(fiu)g=(fg,ug) p(fiu)=f q(f,u) =u (fir)g=(fg,rg) p(fir)=f q(f,r) =r
(L A B)f =11 (Af) (B(fp,q)) (X AB)f =X (Af) (B(fp,a))
app(w, u) f = app(wf,uf) app(Ab, u) = blu] w = A(app(wp, q)) (AB)f = A(b(fp;q))
(tr)f=tfrf ((b) r = blr] w = ()(wp q) (Ob)f = (b(fp,q)
(to,t1)f = (tof,t1f)  (w,v)l=u (u,v).2=0 (p,q) =1

() f=tf1  (£2)f =tf.2

We have used the defined operation [u] = (1,u)



Appendix 2: spheres

We define S' by the rules.

- - _ el on
TFS! T F base: S Tk loop(r): St 7 =
T,p,0:1Fwu:St I'Fug: Sty — u(i0
% 0:S'[p ()]wél

I F hcomp® [ — u] ug : S!

We define the substitution basef = base and loop(r)f = loop(rf) if rf # 0,1 and loop(r)f = base if
rf=0or1. ' _

Similarly we define (hcomp’ [¢ — u] ug)f = hcomp’ [pf — u(f,i = j)] uof if ¢f # 1 and

(hcomp® [p = u] uo)f = u(f,i=1) if of = 1.
Using these operations, we can define

Dyoi:TFu:SY T Fug:Stp = u(i0)]
I'F comp? [ — u] ug : Stp — u(il)]

by comp’ [¢ — u] ug = hcomp® [ — u] ug if ¢ # 1 and comp’ [p — u] ug = u(il) if ¢ = 1.

We have a similar definition for S™ taking as constructors base and loop(ry,...,r,), all r; # 0,1, with
the substitution loop(r1,...,r)f = loop(rif,...,r,f) if all r;f are # 0,1 and loop(ry,...,7,)f = base
if some r;f is 0 or 1.



Appendix 3: propositional truncation
T'HA I'kta:A I'Fug:inh A I'twug:inh A I'kr:I
I'Hinh A I'Finca:inh A T+ squash(ug, u1,7) : inh A
D,p,i:TFwu:inh A T'F g :inh Al — u(i0)]
' F hcomp® [ — u] ug : inh A

r#0,1

p#1

The substitution is then squash(uo, u1,7)f = squash(ug f,us f,7f) if rf # 0,1 and squash(uo, u1,7) f
uogf if rf = 0 and squash(ug,u1,7)f = wyf if rf = 1. Similarly we deifne (hcomp® [¢ — u] ug)f
comp? [f = u(f,i = j)] uof if of # 1 and (hcomp' [ > u] up)f = u(f,i = 1) if of = 1.

We can then define two operations

Ii:IFA T Fug:inh A®i0) Ii:IFA T,i:IFwu:inh A
T'F transp ug : inh A(il) Tyi:1F squeeze u : inh A(il)

satisfying

Ti:IFA T,i:IFu:inh A Ti:IFA T,i:TFu:inh A
T+ (squeeze u)(i0) = transp u(i0) : inh A(il) I+ (squeeze u)(il) = u(il) : inh A(il)

by the equations

transp (inc a) = inc (comp’ A [] a)

transp (squash(uo,ul, ) = squash(transp ug, transp uy,r)

transp (hcomp? [p +— u] ug) = hcomp’ [¢ — transp u] (transp ug)
squeeze (inc a) = inc (comp’ A(iV j) [(i = 1) ~ a(il)] a)
squeeze (squash(ug,u1,7)) = squash(squeeze ug,squeeze uj,r)

and we define squeeze (hcomp’ [§ — u, 0o A (i = 0) = ug, 1 A (i = 1) — u1] v) as
hcomp’ [0 — squeeze u, g A (i = 0) — transp ug, 1 A (i = 1) — uq] (squeeze v)

using the fact that any formula ¢ has a decomposition § V (¢o A (i = 0)) V (p1 A (i = 1)) where J is the
disjunction of all faces of ¢ not containing 4, and g (resp. 1) the disjunction of all faces « such that
a A (i =0) (resp. a A (i =1)) is a face of .

Using these operations, we can define

Ii:IFA T,p,i:IFu:inh A T Fug:inh A(0)[p — u(i0)]
I'F comp? [ — u] up : inh A(i1)[¢ — u(il)]

by I' F comp® [@ — u] ug = hcomp® [¢ — squeeze u] (transp ug) : inh A(il) if ¢ # 1 and T comp’ [p >
u] ug = u(il) : inh A(il) if ¢ = 1.

Given ' Band '+ ¢q: (x y: B) —» Path Bz y and f : A — B we define g : inh A — B by the
equations

g (inc a) = fa
g (SquaSh(_Uo?Ula?“)) = qly @0) (gui)r
g (hcomp? [ — u] ug) = comp’ B [p+— g u] (g ug)

10



Appendix 4: How to build a path from an equivalence
Given I' o : Equiv(A, B) we define
T,i:1+FE =glue(B,[(i = 0) — o, (i = 1) — idp])
where idp : Equiv(B, B) is defined as
idp = (A : B, Az : B.((z, 1), Mu: (y : B,Path B @ y).(i)(w.2 i, (j)u.2 (i A §)))

We have then I',i: I, (i =0)F E=Aand I',i:1,(¢ = 1) - E = B, so that E(i0) = A and E(il) = B.
If we now introduce an universe U by reflecting all typing rules and

TFA:U
r-u '-A

we can define Equiv(A, B) — Path U A B by Au : Equiv(4, B).(i)glue(B, [(i = 0) — o, (i = 1) — idp]).
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Appendix 5: Semantics

Let C the following category. The objects are finite sets I,.J,.... A morphism Hom(J,I) is a map
I — dM(J) where dM(/J) is the free de Morgan algebra on J. The presheaf I is defined by I(J) = dM(J).
The presheaf F is defined by taking F(J) to be the free distributive lattice generated by formal elements
(j=0), (j =1) for j in J, with the relations (j = 0) A (j =1) = 0.

We interpret context as presheaves over the category C. A dependent type I' = A, non necessarily
“fibrant”, is interpreted as a family of sets Ap for each I and p € T'(I) together with restriction maps
Ap — Apf, ur— uf for f:J — I, satisfying ul; = u and (uf)g = u(fg) e T'(K)if g: K — J. An
element T'F a : A is interpreted by a family ap € Ap for I and p € T'(I), such that (ap)f = a(pf) € Apf
if f:J—1.

If '+ A, we interpret I'.A as the cubical set defined by taking (I'.A)(I) to be the set of element p, u
such that p € T'(J) and u € Ap. If f: J — I the restriction map is defined by (p,u)f = pf, uf.
IfT.AFBand Tk a: A we define T' + Bla] by taking Bla]p to be the set B(p, ap).

IfT'F ¢ : F then pp € F(I) for each p € T'(I). We define (T', ¢)(I) to be the set p € I'(I) such that
wp = 1. (In particular (I',0)(I) is empty.)

IfTH Aand pisin T'(I) and ¢ is in F(I), we define a partial element of Ap of extent ¢ to be a family
of elements uy in Apf for f:J — I such that of = 1, satisfying upg = uss if g : K — J.

We define next when I' = A has a composition structure. This is given by a family of operations
comp® Ap [¢ + u| ag in for p in T'(I,i), ¢ in F(I) and u a partial element of Ap of extent ¢ and ag in
Ap(i0) such that agf = uy(i0) if ¢ f = 1. This element should satisfy (comp® Ap [ — u] ag)f = uy(il)
if of = 1. Furthermore, we have the uniformity condition

(comp® Ap [+ u] ag)g = comp’ (Ap(g,i = j)) [pg + ulg,i = j)] aog
ifg:J— I and jnotin J.
It is then possible to give the semantics of the composition operations. If I'\T - A and " F ¢ and
FLepFu:AandT'F ag: A0][¢ — u[0]] and p is in T'(J) we define

(comp A [p + u] ag)p = comp’ A(p, ) [¢p > ulp, )] aop

for j not in J.
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Appendix 6: Universes have a composition operation

Given ' - A, T'F B and I',i : [ = E such that E(i0) = A and E(il) = B we explain first how to buid
It equiv’ E : Equiv(A, B).

We define
'rf:A—-B TkFg:B—A ri:lFu:A—FE I''i:IFv:B—>FE
such that u(il) = f and u(i0) = Az : A.x and v(i0) = ¢g and v(il) = Ay : B.y. The definitions are

= Mrv:Acomp' E [ x

Ay : B.comp® E(1—1i) [] y
Az AFilll B[] 2

My :BAill' E(1—4) |y

< 2 Q9w
I

We then show that two elements (xg,8y) and (z1,31) in (z : A,Path B y (f x)) are path-connected.
This is obtained by the definitions

wg = comp’ E(1—4)[(j=0)—vy,(j=1)—uzo (Boj)
wp = comp’ E(1—4) [(j=0)—vy,(j=1)—ua] (B j)
0o = fill' EL—4)[(j=0)—vy,(j=1)—uzo (Boj)
6 = fill' E(1—4) [(j=0) vy, (j=1)—ua] (b))

w = comp’ A[(k=0)—wy(k=1)—wi] (gy)

6 = filM A[(k=0)— wo, (k=1)— wi] (9 9)

so that we have I',j : [,i : IF 60y : Eand I',j: 1,i : T 6y : Eand T',j : [k : T+ 6 : A. If we define
§=comp' E[(j=0)—vy,(j=1)rua,(k=0)+ 0 (k=1)+ 0,6

we then have (k)(«, (j)0) : Path (z : A,Path B y (f z)) (0, 5o) (x1,01) as desired.

Since (x : A,Path B y (f z)) is inhabited, since it contains the element (g y,v) where v =
(kYcomp® E [(k = 0) — v y,(k = 1) = u (9 y)] (¢ y), we have shown that the fiber of f at y is
contractible. Hence f is an equivalence and we have built equiv’ E : Equiv(4, B).

If we now introduce an universe U by reflecting all typing rules and

T'FA:U
U T'HA

then we can define comp® U [¢ — E] Ay = glue(Ag, ¢ — (E(il),equiv’ E(1 —1))).
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Appendix 7: Univalence

We have shown how to build maps Path U A B — Equiv(A, B) and Equiv(A, B) — Path U A B. Using
only the glueing operation, it has been shown formally by Simon Huber and Anders Mortberg that these
two maps are homotopy inverse.

Since one can prove formally that a map with a homotopy inverse is an equivalence and that the map
Path U A B — Equiv(A, B) is equal to the one we get by path elimination and the canonical proof of
Equiv(A4, A), we get univalence for Path.

It can then be shown formally that univalence for Id U A B holds as well.

Another approach is to show that the type (X : U, Equiv(X, A)) is contractible. (This is one possible
way to state the univalence axiom.) For this it is enough to show that any partial element of this
type ¢ F (T,0) can be extended to a total element. And for this, it is enough to show that the map
unglue : B — A, where B = glue([¢ — (T,0)], A) is an equivalence.

For showing this, we give ¢ - b = glue([¢ — b],a) : B and u : A[¢) — a] and we explain how to build
b:B[i)— bl o:Path A u (unglue b)Y — (i)u]
Since p - o : T — A is an equivalence and we have ¥, = b : T and ¢,o — 0 b = a : A we can find

@ t:T[p— bl and o+ 5 : Path A u (ot)[) = (i)u. We then define a = comp® A [p — S i,¢) — u] u
and a =fill' A [p+— B 4,9 — u] u. We then conclude by taking b = glue([p — t],a).
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