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Why not extend AHOL to include

_ o Higher order logic over polymorphic domains?
e —-types on the Type-level (one copie of A—) like ITA : Type A— A

e —-types on the Prop-level (second copie of A—)

This rule allows to form

e Quantification over all domains?
o [la:Prop.a—a: polymorphic types on the Prop-level (one like in ITA : Type.llP:A—Prop.llx:A.Px—Px
copie of A\2)
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Why not extend AHOL to include

e Higher order logic over polymorphic domains?
like ITA : Type.A—A

e Quantification over all domains?
like in ITA : Type.llP:A—Prop.llz:A.Px—Px

This can easily be done by allowing in the Il-rule

o (s1,89) € { (Type’, Type) } to obtain higher order logic over
polymorphic domains ~~ system AU~

e (s1,59) € { (Type’, Prop)} to allow quantification over all
domains ~~» system AU

Problem:

o \U (AHOL + (Type', Type) and (Type',Prop)) is inconsistent
(Girard)

e \U™ (AHOL + (Type', Type)) is inconsistent (Coquand, Hurkens)
NB AHOL + (Type',Prop) is consistent.

Implications
e \U™ can't be used as a logic.
e In AU, there is a closed term M with - M : L

e This M can not be in normal form (by some syntactic rea-
soning)

e So, A\U™ is not SN

(Prop, Prop), (Type, Prop) }

Problem:

e \U (AHOL + (Type', Type) and (Type',Prop)) is inconsistent
(Girard)

e \U™ (AHOL + (Type’,Type)) is inconsistent
(Coquand, Hurkens)

NB AHOL + (Type',Prop) is consistent.

Type Checking in AU~ is still decidable:
All types (terms of type Prop, Type or Type') are strongly nor-
malizing

Typer(MN) = if Typep(M) = C and Typep(N) = D
then if C' »gllz:A.Band A=3 D
then B[N/z] else 'false’
else ‘false’,

In the type synthesis algorithm we only check equality of types



Variations on the rules of AHOL: The cube of typed A-calculi: (forget about Type’ for the mo-

ment)
e There are many type system with (slightly) different rules Vary on all possible combinations for
e Many (proofs of) properties are similar R C { (Prop, Prop), (Type, Prop), (Type, Type), (Prop, Type) }
e Plan: Study these type systems in one general framework: in the Il-rule:
— The cube of typed A-calculi (Barendregt) (I1) LE AF: ? H:IFAJ.::BA: :ZB =52 i (51,89) € R

— Pure Type Systems (Terlouw, Berardi) We take (Prop, Prop) in every R

Aw APw 'FA:s1 T''omAEB:so .
/‘ / (I I'FTIlx:A.B : s9 i (s1,82) € R
N

AP2
‘ System R
b _ A— Prop, Prop
AW APw A2 (system F) EProp, Prop% (Type, Prop)
/ / AP (LF) (Prop, Prop) (Prop, Type)
A— AP \w (Prop, Prop) (Type, Type)
AP2 (Prop, Prop) (Type, Prop) (Prop, Type)
add (Type, Prop) Aw (system Fw) | (Prop, Prop) (Type, Prop) (Type, Type)
APw (Prop, Prop) (Prop, Type) (Type, Type)
add (Type, Type) APw (CC) (Prop, Prop) (Type, Prop) (Prop, Type) (Type, Type)
A— in this presentation is equivalent to A— in the way we've
(Prop, Prop add (Prop, Type) presented before. Similarly for A2, AP, ...



This cube also gives a fine structure for the One can do higher order predicate logic in CC, in a slightly un-

Calculus of Constructions, CC (Coquand and Huet) usual way:
CC has: e ‘propositions’ and first order ‘sets’ are both of type Prop
e Polymorphic data types on the Prop-level, e propositions and sets are completely mixed
e.g. [la:Prop.a—(a—a)—a. Is it faithful to do higher order predicate logic in CC??
e Predicate domains on the Type-level, A Nol
e.g. N—N—Pro nswer: No!
& P There are non-provable formulas of HOL that become inhabited
e Logic on the Prop-level, in CC
e.g. ¢ A = lla:Prop.(p—p—a)—a.
e Universal quantification (first and higher order),
e.g. [IP.N—Prop.llx:N.Pr— Px.
Consider extensionality of propostions: Consider extensionality of propostions:
EXT := Vo, B:prop.(a < () = (@ =prop ) EXT := Vo, f:prop.(a < () = (a =prop )
In CC, this becomes Ila, 3:Prop.(a <= 3) — (& =pyop ) In CC, this becomes Tla, 3:Prop.(a < 3) — (a =pyop )

Suppose two base domains A and B and constants a : A, b : B.
In HOL, the following formulas are consistent.

e =VrAr=a, =Ve:BIyBr#y



Consider extensionality of propostions:
EXT = va,ﬂ:prop.(a = /6) = (OZ :prop /6)
In CC, this becomes Ila, 3:Prop.(a <> 3) — (& =pyop )

Suppose two base domains A and B and constants a : A, b : B.
In HOL, the following formulas are consistent.

e =VrAzr=a,:=Ve:BIyBr#y

But in CC, EXT also applies to the base sets A and B.
A < B (both are non-empty) so A =pq, B

so property 1) (of B) also applies to A
so VoA dy:Ax #y

contradicting ¢
So, in CC, ¢ and v are inconsistent

Pure Type Systems
Determined by a triple (S, .4, R) with

e S the set of sorts
o A the set of axioms, A C S x S
e R theset of rules, RCS xS xS
If s9=s3in (s1,$9,83) € R, we write (s1,52) € R.

pseudoterms:

T:=&|Var|(IIVar:T.T) | (A\Var:T.T) | TT.

We have to be careful when doing higher order logic in CC.

Or: we may try to improve on this: taking the sets and the
propositions apart:
System APREDw:
e Sorts: Prop, Set, Type?, Type®
e Axioms for these sorts: Prop : Type?, Set : Type®
e Rules R:
— (Prop, Prop): implication
Set, Prop): first order quantification
Type?, Prop): higher order quantification

—(

—(

— (Set, Set): function types

— (Set, TypeP): predicate types
—(

Type?, TypeP): higher order types

1%

. 'FA:s .
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I'-M:A TFB:s
, A=3B
(conv) FM:B 5

an



Examples of PTSs

APREDw AHOL /
S Set, Type®, Prop, Type S Prop, Type, Type ,
A Set : Type®, Prop : Type A Prop : Type, Type : Type
R (Set, Set), (Set, Type), (Type, Type), (Prop, Prop). R (Prop. Prop), (Type, Type). (Type, Prop)
(Set, Prop), (Type, Prop) AU
cC S Prop, Type, Type'
S Prop, Type A Prop : Type, Type : Type’
A Prop : Type R (Prop, Prop), (Type, Type), (Type', Type), (Type’, Prop), (Type, Prop)
R (Prop, Prop), (Prop, Type), (Type, Prop), (Type, Type) Ax
S *
A * %
R (*,%)
A PTS-morphism from (S, A, R) to A\(S', A/, R') is an There are now two type systems for higher order predicate logic:
[+ S — S’ that preserves the axioms and rules: APRER\(;)RaE%d AHOL.
W
oif (s1,50) € Athen (f(s1), f(s2)) € A’ S Set, Type®, Prop, Type
if h / A Set : Type®, Prop : Type
i (51,52, 83) € R then (f(s1), f(52), f(s3)) € R R (Set, Set), (Set, Type), (Type, Type), (Prop, Prop),
f extends to pseudoterms and contexts (Set, Prop), (Type, Prop)
Proposition: AHOL
. . S Prop, Type, Type
If ' M : Athen f(I')F f(M): f(A) A Prop : Type, Type : Type'
Examples: R (Prop, Prop), (Type, Type), (Type, Prop)
o [ AS, A R) = M, [f(s) =« ("initial"” PTS) They are equivalent:
e g : \PREDw — CC, ¢(Prop) = g(Set) := Prop, The PTS-morphism h : APREDw — AHOL, given by
g(TypeP) = g(Type®) := Type. h(Prop) := Prop h(Set) := Type/
Corollary: SN for CC = SN for APREDw h(Type?) := Type h(Type®) := Type

constitutes an isomorphism between the derivable sequents.
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cC OO
S Prop, {Type;},cN S Prop, {Type; }cIN
A Prop : Type, Type; : Type; 1| A Prop : Type, Type; : Type; 1|
R (Prop, Prop), (Prop, Type;), (Type;, Prop) R (Prop, Prop), (Prop, Type;), (Type;, Prop)
(Type;, Typej, TYPe; (i j)) (Typey, Type;, Typeyax(i,j))
NB: (Type; 1 Type;, Type;)) would be inconsistent. NB: (Type;_1Type;, Type;)) would be inconsistent.

The Extended Calculus of Constructions has in addition

e Cumulativity: Prop C Typey C Type; C ...

® ) -types:

' A:Prop Ia:AF B :Prop I'EFA:Type; ''w:AF B : Typej
't Yxz:A.B : Prop I'FXz:AB: Type1nax(i7j>

NB: We have [1A:Type;.o : Prop, but not X A:Type;.o : Prop

NB: Coq has in addition Set : Type and rules (Set, Set), (Type;, Set), (Set, Prop)
and inductive types.

What is the use of the abstract framework of PTSs? Properties of PTSs.
e Present (the kernel of) systems in a uniform way e Uniqueness of types

- fI'-M:Aand ' M : B, then A=3B.
* g;)z[e):vroerksystems (e AHOL, APREDw, CC) within one Holds if AC S xS and R C (S x S) x S are functions.

. e Subject Reduction
e Prove properties for many systems at once. KT - M- Aand M N then 'E N - A
: _>ﬂ , : .

e Substitution property
fl,z: BLAFM:A I't P: B, then
[A[P/z| F M[P/z] : A[P/x].
e Thinning
fT'FM:Aand ' CA, A well-formed, then A - M : A.

e Strengthening
fCx:7,AFM:Aand z ¢ FV(M, A, A), then
D,ARM A



Strong Normalization:
If ' M : A, then all 3-reductions from M terminate.

SN holds for some PTSs (all subsystems of CC,...), and for
some not (AU, Ax, ...).

SN for CC can be proved by a higher order extension of the
saturated sets argument (for A2).
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