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Let P = f0 + . . . + fnXn, Q = g0 + . . . + gmXm and R = PQ = h0 + . . . + hn+mXn+m.
Dedekind-Mertens lemma states that we have c(P )m+1c(Q) = c(P )mc(R) where c(S) denotes
the content of a polynomial S, i.e. the ideal generated by the coefficients of S. We assume
P,Q polynomials in A[X] where A is an arbitrary commutative ring. In particular, A can
be Z[f0, . . . , fn, g0, . . . , gm] where f0, . . . , fn, g0, . . . , gm are indeterminates. Only the inclusion
c(P )m+1c(Q) ⊆ c(P )mc(R) is nontrivial. This is a beautiful generalisation of “Gauss’s lemma”
which states c(P )c(Q) = c(R) in the case of integer coefficients. The general statement appears
for instance in [4] with a proof attributed to Artin. Another proof using Gröbner bases can be
found in [1]. The purpose of this note is to present a simple direct proof of the Dedekind-Mertens
lemma, which follows actually the same structure as the proof of Gauss’s lemma.

Let F (resp. G, resp. H) be the additive subgroup of A (Z-module) generated by the set of
coefficients of the polynomial P (resp. Q, resp. R). If X, Y are two additive subgroups of A,
we write XY for the additive subgroup generated by all products uv, with u ∈ X, v ∈ Y .

Theorem 0.1 Fm+1G ⊆ FmH

Proof. By induction on m, which is the formal degree of Q. This is clear if m = 0. We write
fl = 0 if l < 0 or l > n. We let Gm be the additive subgroup generated by the coefficients gl

for l < m. Since Σj<mfk−jgj = hk − fk−mgm is in H + gmF we have by induction on m

FmGm ⊆ Fm−1(H + gmF ) ⊆ Fm−1H + Fmgm

and so, for all i
fiF

mGm ⊆ FmH + Fmfigm

Notice that figm ∈ H + fi+1Gm + . . . + fnGm. It follows that we have

fiF
mGm ⊆ FmH + fi+1F

mGm + . . . + fnFmGm

and so fiF
mGm ⊆ FmH for i = n, n− 1, . . . as desired.

A direct application of this result is the celebrated “Dedekind’s Prague theorem” [3], which
states that each product figj is integral over the coefficients of the product polynomial R.
Another direct application is the equality c(P )c(Q) = c(R) if A is a Prüfer domain, that is an
integral domain such that all finitely generated non zero ideals of A are invertible.

Our argument is actually reminiscent of, but formally simpler than, Dedekind’s original
proof [2], who noticed that another generating system for the Z-module Fm+1 is given by the
determinants ∣∣∣∣∣∣∣∣

fi0 fi0−1 . . . fi0−m

fi1 fi1−1 . . . fi1−m

. . . . . . . . . . . .
fim fim−1 . . . fim−m

∣∣∣∣∣∣∣∣
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where 0 ≤ i0 < . . . < im ≤ n + m. The inclusion Fm+1G ⊆ FmH follows easily from this
remark.
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