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What shall we do?Analysis of hapter 8 of Bas Spitters' thesisMotivated by the question: what are the algorithms behind theseproofs??Spetral theorems/representation theorems: what should be thede�nition of a ompat spae in onstrutive mathematis??Use of enumerations, dependent hoies entails a lot of non anonialhoies. Can we avoid to have to make these hoies??Cf. the thought provoking review of Bridges \Construtive funtionalanalysis." by Kreinovi MR 82k:03094
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The Spetral TheoremTwo fundamental papersM.H. Stone \A General Theory of Spetra I, II" 1940 Pro. N.A.S.Algebraization of spetral theory\Treatment of any system of real, simultaneously observablequantities as envisaged in the quantum theory"
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What the spetral theorem says?We have a ommutative algebra R of operators (on a preHilbertspae), we an onsider R as a dense subalgebra of ontinuousfuntions C(X) on a ompat Hausdor� spae Sp(R)Sp(R) an be seen as a set of maps � : R! R suh thatA � 0! �(A) � 0Here we give a purely phenomenologial desription of Sp(R)All the proofs here are onstrutive, most of them don't requiredependent hoies
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Key ExampleG ompat group, I : C(G)! C Haar measureI(f) = Z f(x)dxWe have the onvolution produt on C(G)(f � g)(y) = Z f(x)g(x�1y)dxand salar produt (f; g) = Z f(x)g(x)dxwe write g�(x) = g(x�1) and jf j22 = (f; f)
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Lemma 1Lemma 1: The operator T (f) : g 7�! f � g is ompat, and heneT (f) is normableThe proof is elementaryLet B be the set of g suh that (g; g) � 1We prove that if x1; : : : ; xn 2 G thenf(f � g(x1); : : : ; f � g(xn)) j g 2 Bgis totally bounded. Sine f � g; g 2 B is equiontinuous, the laimfollows from Asoli.
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Key sublemmaNotie f � g(x) = (T (x)f; g) we are redued to show, that in apreHilbert spae f(h1; g); : : : ; (hn; g)) j g 2 Bgis totally bounded, whih follows from the existene, for all r > 0 of a�nite dimensional X suh that d(hi; X) < rLemma: In a preHilbert spae for any x1; : : : ; xn and r > 0 thereexists a �nite dimensional X suh that d(xi; X) < rProof: By indution on nIf we have X and xn+1 we do a ase analysis ond(xn+1; X) < r _ 0 < d(xn+1; X)
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Key Example (ontinued)The elements of R are formal expressions A = �� f with f 2 Z(G)and � 2 R (�� f)(�� g) = ��� �g � �f + f � gA � 0 i� �(g; g) � (f � g; g) for all gLemma 2 (Riesz): if A � 0 and B � 0 and AB = BA then AB � 0
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Aside: enter of C(G)We let Z(G) be the set of entral funtions f(xy) = f(yx) and f = f�We have f � g = g � f if f 2 Z(G)We have the expliit projetion operatorP f x = Z f(y�1xy)dysuh that P f 2 Z(G) if f = f� and(f � P f; g) = 0for all g 2 Z(G)
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Aside: enter of C(G)It is quite remarkable that the order on R an be de�ned withoutmention to the Haar measure. A diret de�nition is that �� f � 0 i��f(xix�1j )rirj � �(�rirj)for all xi 2 G; ri 2 CThis ordering has been further analysed by Krein
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Proof of Lemma 2If AB = BA and A � 0; B � 0 then AB � 0We an assume 0 � A � 1We notie BC2 � 0 sine (BC2g; g) = (BCg;Cg) � 0We de�ne A0 = A;An+1 = An � A2nOne shows 0 � An+1 � An � 1 and A2n+1 � A2nSine A = A21 + : : :+A2n + An+1 we have A2n ! 0
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Key Example (ontinued)Thus to a ompat group G we assoiate an algebra R of elements ofthe form A = �� f; f 2 Z(G)Beause of lemma 1, all elements of R are normableTo R we shall assoiate a ompat spae Sp(R), suh that theelements A an also be seen as ontinuous funtions on Sp(R)^A(�) = �(A)It will turned out that the spae Sp(R) has a positivity prediate(open loale)
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Aside: entrum of C(G)We are going also to de�ne a formal spae � of haraters that arenonzero maps � : Z(G)! C suh that�(f � g) = �(f)�(g)This spae will be loally ompat and disrete, and Sp(R) is itsAlexandrov ompati�ation (we add one point)It is very interesting to understand what disrete means here in aformal way
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What is a point-free ompat spae?A spae is desribed as a logial theoryThe Lindenbaum-Tarski algebra of this theory forms a distributivelattie (of basi open sets)The models form a spetral spaeThe maximal models form a ompat Hausdor� spae if the lattie isnormalu� v i� (9x)[0 = ux & 1 = v _ x℄normal: if 1 = a _ b then 1 = a0 _ b for some a0 � a
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Example IR ommutative ring of elements A;B;C; : : :A subset of \positive" elements: R is an ordered groupA speial element 1, so that R is divisible: for eah n > 0 theequation nX = 1 has a solution and R is arhimedian: for any A 2 Rthere exists k suh that A � k:1Finally, no \in�nitesimal": if n:A � 1 for all n then A � 0
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Spetral Spae IIn the ase of an ordered ring R we onsider the theory T11. D(A); D(�A) `2. D(A+B) ` D(A); D(B)3. D(A) ` if A � 04. ` D(1)5. D(A); D(B) ` D(AB)6. D(AB) ` D(A); D(�B)The models of this theory de�ne exatly a total ordering on Rextending the given ordering
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Spetral Spae IThe Lindenbaum-Tarski algebra of T1 is a distributive lattie L1The lattie L1 is normalHene L1 de�nes a ompat Hausdor� spae: the spetrum of ROne an ompletely haraterise the order in L1For instane D(A) ` D(B) i� we have An(�B)m � 0 for some n;m\Phenomenologial" desription of the spetrum Sp(R) of R
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Aside: spae of haratersThe same basi open will desribe the spae � of haraters of Z(G)Notie that the basi open of L1 are of the formD(�� f)An intuitive interpretation is that it represents the set of allharaters � suh that �(f) < �This is a basi observation that we an make about a harater �
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Spetral Spae IProposition: (Krivine) If 1 � AB and 0 � A then there exists r > 0suh that r � BFrom this followsMain Theorem: We have ` D(A) i� A � r for some r > 0The proof of the theorem is onstrutive, and similar to argumentsused in proof theory (ut-elimination)
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Stone-WeierstrassLemma 3: If A � 0 then there exists Bn � 0 suh that B2n ! AThe proof is elementary
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Proof of Lemma 3We an assume 0 � A � 1We de�ne B0 = 0 and Bn+1 = (1�A+B2n)=2We de�ne also C0 = 0; Cn+1 = (1 + C2n)=2Then0 � Bn � Bn+1; 0 � Cn � Cn+1; Bn+1 �Bn � Cn+1 � CnCn ! 1 and (1�Bn)2 ! A
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Spetral Spae IIIf we Cauhy omplete R we have an operation A _BWe an give another desription of the spetrumInspired by F. Riesz \Sur la d�eomposition des op�erationsfontionelles lin�eaires" 1928The theory T2 is1. D(A); D(�A) `2. D(A) ` if A � 03. D(A+B) ` D(A); D(B)4. D(A _B) ` D(A); D(B)5. ` D(1)
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Spetral Spae IIAtually, in the ase we are analysing, it seems that we do not haveto ompleteZ(G) should be itself losed under binary sup operationsThis would mean that Z(G) and R are natural example of Rieszspaes, i.e. ordered vetor spaes that are latties
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The Spetrum as a Formal SpaeFor instane in T2 one an showD(A) _D(B) = D(A _B) D(A) ^D(B) = D(A ^B)We have two desriptions T1 and T2 of two latties that are normal.They both de�ne the same ompat Hausdor� spae Sp(R) , whosepoints are models of the orresponding theories with the extra\ontinuity" axiom D(A) ` _r>0D(A� r)These points orrespond to the maximal points in the spetral spaes
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Spetral TheoremThe points of the spetrum an be also seen as ontinuous linearmaps � : R! R suh that�(AB) = �(A)�(B) and �(A _B) = �(A) _ �(B)Main Theorem: We have �(A) > 0 for all � i� A � r for some r > 0This an be proved onstrutively in a point-free way
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Aside: elimination of hoie sequenesWhat is the meaning ofFor all � 2 Sp(R) we have �(A) > 0in a point-free way???Cf. introdution of Martin-L�of \Notes on Construtive Mathematis"and elimination of hoie sequenesIt means that ` D(A)is provable in the theory desribing Sp(R)
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Spetral TheoremThe spetral theorem in this point-free form holds without having tosuppose that the elements in R are normable i.e. thatfr > 0 j � r � A � rghas a g.l.b. jjAjjIn this sense, the statement is more general than in Bishop's (also Rnot given as an algebra of operators)Also no separability hypothesesBUT without extra-hypotheses we annot \build" any points ofSp(R). We know only that the theory desribing Sp(R) is onsistent.(It may be that for atual omputations, this is all that is needed.)
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Spetral TheoremTo onnet this to Bishop-Bridges theory: if all elements of R arenormable then Sp(R) is open that is admits a positivity prediatede�ned byPos(D(A)) i� jjA+jj > 0 (written A+ > 0)This follows fromLemma 4: D(A)� D(B)! [D(A) = 0 _ Pos(D(B))℄Using Pos, we an build (with dependent hoies) as many points aswe want if we an enumerate RIntuitively, whenever jjA+jj > 0 we an build �, e�etively, but withmaybe non anonial hoies, suh that �(A) > 0
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Spetral TheoremIf we an enumerate a dense subset fn of Z(G) then we take rn ! 0and using dependent hoies we build a sequene of rationals qn suhthat
jf0 � q0j < r0 ^ jf1 � q1j < r1 ^ : : : ^ jfn � qnj < rnis positiveGiven suh a sequene we build then � suh that j�(fn)� qnj < rnfor all n
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Spetral TheoremIf all elements of R are normable, we have a muh nier formulationof the main theoremMain Theorem: If A 2 R then jjAjj is equal to the uniform norm ofthe ontinuous map
^A : C(Sp(R))! R � 7�! �(A)de�ned on the spetrumThis is Gelfand's theorem (for real C�-algebras)
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A disrete spae??In Sp(R) there is a speial point �0 suh that�0(�� f) = �The spae of haraters of G is the spae � that we get by removing�0We get � by adding the axiom` _f2Z(G)D(f)
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A disrete spae??We prove �rst with points that � is disreteThat is for any given model � of the theory � we build a funtion f�suh that the open D(f�) is the singleton f�gHere we give only the expliit formula: if f 2 Z(G) suh that�(f) 6= 0 then �(f)f�(x) = �(P fx)where fx(y) = f(xy)
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A disrete spae??It is possible to show that f� � f� = f� and D(f�) = f�gBut notie that f� is de�ned in term of �There is thus a kind a irularity: a basi open is de�ned in term of apointSimilar situation in intuitionism, when the de�nition of a spread maydepend on a hoie sequene
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A disrete spae??We onjeture that without dependent hoies, the spae � may failto have enough pointsIt is likely also that � has a natural measure that we an de�ne in apoint-free way, and that the orresponding Planherel formula holds(even if we annot have aess to the points)ZG jf j2dx = Z� j ^f j2d�With points this beomesZG jf j2dx = �jf�j2
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Planherel Formula??The ommutative algebra Z(G) with the mapI : Z(G)! R I(f) = f(e)is a (onstrutive) example of an integration algebra (Segal)The map I is positive: I(f) � 0 if ^f � 0I an be seen as a measure on the point-free spae �For this measure, the orresponding Planherel formula holds
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Enough haraters??In a point-free way, we expet that we an express most of the knowntheorems about irreduible representationsFor instane the set of funtions f 2 C(G) suh thatf� � f = fshould be a �nite dimensional spaeSuh a statement makes sense over the spae �It an be expeted that, for appliations, we need only to talk abouta generi harater, and not to build all haraters e�etively
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�-notationWe just illustrate the use of �-notation in the proof and statementsimilar to lemma 3.4 of Bishop-BridgesLemma: If F : C(G)! C is ontinuous thenF (f � g) = Z f(x�1)F (gx)dx

Proof: We onsider h(x; y) = f(x�1)g(xy). The lemma an beexpressed as F (�y:I(�x:h(x; y))) = I(�x:F (�y:h(x; y)))We only have to hek it in the ase where h(x; y) = u(x)v(y), sinethe funtions of the form �iui(x)vj(y) are dense in C(G�G), byStone-Weierstrass and it is diret in this ase.
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