About the setoid model

Introduction

We present a generalization to dependent types of Gandy’s interpretation of extensional in intensional
type theory [2]. This can also be seen as variation of the setoid model considered in Hofmann’s thesis
[3]. Contrary to this model [3], the rule of pushing a substitution under an abstraction is not validated
in our interpretation. The first published version of type theory [5, 6] had also this restriction and we
provide thus a model of this version of type theory. On the other hand, we do interpret, contrary to [3],
most computation rules as definitional equality. The only exception is the computation rule for identity
type.

Our interpretation can be seen as a syntactic transformation of a type theory with extensional equality
into an intensional type system (even without identity type).

Beside interpreting extensional equality, we can interpret a type of impredicative propositions. We
formulate an interpretation of this new type system into an inconsistent type system (with a type of all
types). This should provide a computational interpretation of the aziom of unique choice. An application
may be to give computational interpretation of the definition of quotient using equivalence classes. We
conjecture that the terms that we get from this interpretation are all normalizing. (This conjecture is
motivated by a consistency result of univalence and resizing, which shows that the interpreted system is
consistent.)

1 The setoid model

We shall model a version of type theory with extensional type theory in intensional type theory (this
target type theory does not even need to have an identity type).

Contexts will be interpreted as setoids.

A setoid is a type I with a relation R of type I' — I' — Type. We write pg ~r p1 instead of R pg p1
for pg p1 : I'. We assume that we have an operation

m: [] p~r e
p:I’

This expresses that the given relation is reflexive. We express also that it is symmetric and transitive in
a way similar to Kan extensions' by requiring operations of type

H PO ~T P1, P1~T P2 — L0 T P2
po p1 p2:I"

H Po~PT P2, PLAT P2 — POT P1
po p1 p2:T

H Po ~T P1, Po T P2 — P17°°T P2
po p1 p2:I"

A setoid morphism 0,0’ : A — T’ is given by a function o : A — T' together with a proof that it
preserves the given relations

g . H Vg ~A V7 — OVg~r OlV1

v vi:A

1Our model should generalize to express groupoids, and higher-order structures.



Contrary to [3], we don’t require the definional equality o’ v v (nv) = n(ov) : ov ~ ov.
A dependent type I' = A is given by a dependent type Ap over p : I' together with an operation

H H Apyg — Ap1 — Type

po p1:I ozpo~pr

We write ug ~»,, 11 the result of this operation for ug : Apg, u1 : Ap;.
We ask furthermore to have an operation n : llp : I'.Ilu : Ap.u ~+,, u and extension operations, given
aijipi~s pyfor0<i< g <2

uO MO&(n ul? ul ,\’)a12 u2 UO ,\»agg U2

U Pagy U2, UL “aq, U2 — U Moy UL
UO MO&(n u17 UO MQOQ u2 u] Malz UQ

where each of these expressions should be prefixed by a product over
po p1 p2 i L, agr : po~ p1, aaz:p1r~ pa, Qo2 i po~> p2, Ug: Apg, uy: Apy, ug : Aps

We require also a function Aa™ : Apg — Ap; with a proof Aa 1 u : u ~+o Aatu and a function
Aa™ 1 Apy — Apg with a proof Aa | u: Aa™u ~q u.

These definitions can be seen as a restriction to the case of setoids of the notion of Kan simplicial set
and Kan fibrations.

We define T' F a : A to be a pair of a section ap : Ap for p : T’ together with ac : apg ~4 apy for
a: po ~ p1. We don’t require to have the definitional equality anp = n(ap) : ap ~,, ap.

Given I' - A it is possible to define a new setoid I".A by defining a,w : (po,uo) ~ (p1,u1) iff
a:po~ p1 and w : ug ~4 up. We can then take n(p,u) = np,nu: (p,u) ~ (p,u).

Given ' A and T.A + B it is then possible to define ' 11 A Band ' X A B. For p: ' we take
(IT A B)p to be the type of pairs f, f’ such that f u: B(p,u) for u: Ap and f" up w1 w: f up ~rppw f 1
if w : wg ~yp ur. We define then (f, f') ~q (g,9') to be

H H Ug M Uy — f U ~~a,w g U1

ug:Apo ui:Ap1

We can then define n(f, f') = f' : (f, f') ~np (f. ['). We take (u,v) : (¥ A B)p to mean u : Ap and
v : B(p,u) while (w,d) : (1o, v0) ~a (u1,v1) iff w:ug~q w1 and 6 : vg ~>q V1.

We can then define (I A B) 1, (I A B) L and (X A B) 1, (¥ A B) |. (See Appendix 2 for a
justification of the dependent product.)

We can interpret identity type given T F A and 'k a: Aand T'F u : A. We take (Id4 a u)p to be
the type ap ~»,, up. Given wp : (Ida a u)po and wy : (Id4 a u)p; we define wy ~+4 wy to be the unit type
N;. The elimination rule over this type gets validated. However the computation rule holds only in the
interpretation as a propositional equality (like in [3]).

We can also interpret a type of natural numbers by taking Np to be the type N of the target system
and defining

0~NO0=N; Sn~nySm=n~ym 0~ S m=Ng Sn~N0=Ng

where Nj is the unit type and Ng the empty type. Contrary to what happens in the model [3] we expect
the computation rules for N to hold definitionally in this interpretation.



2 Interpretation as translation

It is then possible to check that we get a model of type theory given by the rules in Figure 1. What is
not validated by this model are the rules of substitution under a binder. (See Appendix 1 for a simple
explanation of why this rule fails in this model.) Following the discussions in [5, 6] we do not consider
this to be a problem.

We can see this interpretation as a syntactic translation from an extensional type theory into an
intensional type theory (without any identity type). A definitional equality I' - a = u : A is interpreted
in the target type system as a pair of definitional equalities

p:Thap=up: Ap po p1:L a0 pg~ p1Faa=ua:apy~ ap;
while a definitional equality I' - A = B is interpreted as a pair of definitional equalities

p:T'+Ap=Bp po p1: L a0 po~ pr,ug s Apg,uy @ Apy =g~ aq U1 = Ug ~Ba Uy

3 A type of proposition and the resizing axiom

We define a setoid €2 of propositions. The underlying type is a type of all types U while X ~»q Y is the

type X + Y, ie. the type (X = Y) x (Y — X). We define a dependent type Q T by taking TX to

be the type X while u ~, v is the unit type Ny for ¢ : X ~q Y and u: X and v : Y. (We can avoid to

consider inconsistent type system if we are interested only in a predicative type of small propositions.)
We get in this way an interpretation of a weak form of univalence

IIpo @1 : Q.(Tpg <> Tp1) <> Ida o 1

It is then possible to define the operations ' FV A ¢ : Q given I' F A and ["A F ¢ : Q, with the
logical equivalence T'(V A ¢) <> I A T(p). We take

VApp=]] ¢

u:Ap

while, if «: pg ~ p1, we define

VA@a: (] elpow)« (] ¢lpr )

u:Apo u:Apy

using the maps Aa™ and Aa~. We can also define an operation (A) : Q@ — Q — Q with the logical
equivalence T (g A ¢1) <> Two X Tep1.

We can define ' = Ab: T(V A ¢) it T.AF b: Ty by taking (Ab)p u = b(p,u) and (Ab)a = 0.

ForT'F Awehave ' eqyq : A — A — Q such that the definitional equality I' - T'(eqa a u) = 1d4 a u
holds for TFa: Aand 't u: A.

We can also define ' -3 Ap : Q given ' - A and A+ ¢ : Q.

For the target type system, we need a type of all types in order to interpret the existential quantifi-
cation as a strong sum

G Ap)p =Y v(p,u)

u:Ap

What is spectacular in this interpretation is that we get an interpretation of unique choice, i.e. a proof
of the following implication

T(3 A ¢) = (lag a1 : A.plag] = ¢lar] = 1da ag a1) = X A T(p)

For this, it is crucial that we interpret existential quantification as a sigma type,

In this type system, it should be possible to define the quotient type using equivalence classes, and
for instance, to define Z as a quotient of N x N. Voevodsky had such a development using resizing rules
and equivalence and it would be interesting to see if we get a natural computational content of this
development in this way.



'k c:A—=T §:0—=A

1:T'—>7T 06:0—7T
'-A c:A—T 't A c:A—T
A+ Ao AlFto: Ao
_ '+ I'-A '-A '-A
F IAr p:T"A—>T Ak q: Ap

c:A—=T TFA AFu: Ao
(o,u): A—=T.A

A+ B FArB o:A—=T A Ackb:B(op,q)
TFIAB AFXb:(IL A B)o
A+ B F'ArB o:A—=T Atu:Aoc Alwv:B(o,u)
'Y AB AF (u,v): (X A B)o

c:A—=T Arw:(II AB)o AFu:Ac
At app(w,u) : B(o,u)
Atw: (X AB)o Atw: (X AB)o
AFpw: Ao AF quw : B(o, pw)

ocl=o lo=o (od)v = o(dv)

(o,u)d = (08, ud) p(o,u) =0c q(o,u) =u
app(w, u)d = app(wd, ud) app((Ab)o,u) = b(o, u)

Figure 1: Rules of WMLTT

Appendix 0: WMLTT

We call WMLTT the version of Type Theory with rules are presented in Figure 1. This is equivalent to
the version of type theory presented in the references [5, 6].

For the typing rules, we remove the conversion rule (Il A B)o =1I (Ao) (B(op,q)) and have instead
the following rules

'-A T.AFB c:A=T Arw:{TAB)e Alu:Ao
A+ app(w,u) : Bo,u)

and the conversion rule is

r-A T.A+-B c:A—=T T.AFb:B Atu:Ac
A F app((Ab)o,u) = b(o,u) : B(o,u)

Appendix 1: The setoid model for simple type theory

A type A is a pair (X, R) where X is a set and R x w a relation over X which is reflexive, symmetric
and transitive. In particular for any x in X we have an element n(z) : R © . We define

(X,R) = (Y,5) = (£,T)
where Z is the set of pairs f, f’ with f: X Y and f/: Iz u: X.Rzu— S (f z) (f u), and

T(f,f)(9,¢)=Tazu:X.Rrxu—S(fzx)(gu)




It is rather direct to show that T is reflexive, symmetric and transitive with n(f, f') = f’.

The following notation will be convenient. If ¢ : (X, R) — (Y,.5) with ¢ = (f, f’) and p : X we write
tpfor f p:Y and if a: R pp p1 we write ta: S (tpo) (tp1) for [/ po p1 .

We define (X, R) x (Y, 5) = (X xY,T) with T (z,y) (u,v) = Rz ux S yv. It is direct how to define
p:AxB—Aandq:Ax B — B.

Ift: (X,R) — (Y,S) = (Z,T)) and u : (X,R) — (Y, 5) we define app(t,u) : (X,R) = (Z,T) by
taking

app(t, u)p = tp (up) app(t, u)a = ta (uw)

We define A(¢) : A — (B — C) for ¢: A x B — C. This is defined by

Ae)py = c(p,v)  Mc)pB = c(n(p), B)

and
AMe)aB = c(a, B)

Given o : D — A we can now compare

Ao d = (My.c(o d,y), Ag.c(n(o d),q))

and
Ac(op,a)) d = (Ay.clo d,y), Ag.c(o(n(d)), q))
They are equal only if
a(n(d)) =n(o d)

and this is not valid in general.

On the other hand

app(A(c)o, u) = c(o,u)
is valid. This is because we have
app(A(c)o,u) d = ¢(o d,u d)

and
app(A(c)o,u) a = ¢(o a,u a)

Appendix 2: Justification of the dependent product

I Aand T'.AF B wedefine’' FITI A B. If p: T then (IT A B)p is the set of pairs f, f/ with
fu:B(p,u)ifu: Ap and f" w: f ug — f w1 over n(p),w whenever w : ug —y,, u1. If a: pg = p1 and
fo, fi M A B)po, f1,f1: (T A B)p; we define X : fo —4 f1 to be a function sending w : ug —4 u; to
Aw: fo ug 2aw f1 ur. We define n(f, f') = f'.

If f, f': (Il A B)pg and « : pg — p1, we define (IT A B)a™(f, f') =g,9" : (Il A B)p; in the following
way. First g v = B(a, Aa | v)T(f (Aa"v)) is in B(py,v) if v : Ap;. If we have v — v/ we have
g v — g v’ which defines g’. To define a proof of f, f' —, g,g" we take u — v. We have then a triangle
u— Aa"v, Aa”v = v,u — v and we deduce f u — f (Aa"v) and then f u — g v.

Given 0 = (0&01,0412,0402) and )\01 : fo —ao1 fl, /\02 : f() Qo2 f2 we define comp0(0,/\01,/\02) :
f1 —ay, fo. For this, we take u; — aq,, u2. We then have a triangle v = (wo1, w12, wo2) with wg; = Aagr |
up Aaalul — U1, W12 @ U1 — U2, Wo2 : Aaalul — U2. Hence we get compo((ﬁ,u),)\m w01,)\02 UJOQ) :
f1ur — fo ug.

Appendix 3: Justification of the abstraction rule

The abstraction rule is
F'ArB o:A—T AActb:B(op,q)

AFX:(IT AB)o

Given v : A we have to define (Ab)v in (IT A B)ov. An element of this type is a pair. For the first
element we take the function f uw = b(v,u) : B(ov,u) for v : Aov. The second element f’ takes as




argument ug, ui : Aov and a proof w : uyg —,0, ur and should produce an element ffug up w o
b(v,up) ~novw b(v,ur). Using I' = A and the triangle nov, nov, onv we build W’ : ug =4y, u1. Using
A.Ac b : B(op,q) we get b(nv,w’) : b(v, uo) ~>onuer b(v,u1) and then using I''A F B and the triangle
(onv,w'), (nov,w), (nov,nui) we get an element in b(v, ug) ~>yovw b(v, u1) as required.

We need also to define a function sending o : vg ~ v1 and w : ug ~>4q U1 t0 b(1y, Uo) ~oaw (V1,U1).
We take b(a, w) : b(vo, uo) ~oaw (V1,U1).
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