Uniform Kan filling

Let C the following category. The objects are finite sets I,J,.... A morphism Hom(J,I) is a map
I — dM(J) where dM(/J) is the free de Morgan algebra on J. The presheaf I is defined by I(J) = dM(J).
The presheaf F is defined by taking F(J) to be the free distributive lattice generated by formal elements
(j=0), (j =1) for j in J, with the relations (j = 0) A (j =1) = 0.

If 4 is in I, we have maps (ib) in Hom(I — 4,I) sending i to b, for b = 0 or 1. A face map is a
composition of such maps. A strict map Hom(J,I) is a map I — dM(J) which never takes the value 0
or 1. Any map f can be written uniquely f = gh where ¢ is a face map and h is strict.

The lattice F(I) has a greatest element < 1, the boundary element ¢y, which is the disjunction of all
(t=0)Vv(@E=1)foriin I.

Using the canonical de Morgan algebra structure of [0, 1], we can define a functor
C — Top, I+—[0,1)}

If w is in [0, 1]¢, think of u as an environment giving values in [0,1] to each i in I, so that iu in [0, 1] if
iin I. Any f in Hom(I,J) defines then f : (0,11 — [0,1]/ by j(fu) = (jf)u. If ¢ is in F(I) and u in
[0,1]7 then vu is a truth value.

If b=0or 1andiisin I, let (ib) : [0,1]7=% — [0,1]! be the map defined by by i(ib)u = b and
jlb)yu = juif j #4in I.

We assume given a family of idempotent functions 7 : [0,1]7 x [0,1] — [0,1]! x [0, 1] such that

1. rr(u,2) = (u,z) iff S;u=1or z =0 and

2. for any strict f in Hom(I, J) we have r;(f X id)r; = r (f x id)

The last property can be reformulated as rr(u, z) = ri(v', 2") = ry(fu, z) = ry(fu', ).
Such a family can for instance be defined as in [1] Figure 1.3 (“retraction from above center”) !.
Using this family, we can define for each + in F(I) an idempotent function

7y 2 [0,1)F % [0,1] — [0,1)7 x [0,1]

having for fixed-points the element (u,z) such that Yu = 1 or z = 0. This function r, is completely
characterized by the following properties

1 ory=idif =1
2. Ty = TyTT 1f1,/17é 1
ry(u,2) = (u,2) if 2=0

4. ry((ib) x id) = ((ib) x id)7y(p)

e

For instance, these properties imply 75, (u, z) = (u, z) if ;u = 1 or z = 0 and so they imply r5, = r;.
They also imply that ry(u, z) = (u, 2) if Yu = 1.

From these properties follows the uniformity of the family of functions r.

Mndeed, in this case, r7(u,2) = rr(u’,2’) is equivalent to (2 — 2’)(—1 + 2u) = (2 — 2)(—1 + 2u’), which implies
(2= 2") (=14 2fu) = (2 —2)(—=1+2fu') if f is strict.



Theorem 0.1 If f is in Hom(I, J) and ¢ is in F(J) then ry(f x id) =

A particular case is 77 (f x id) =

(f xid)ryy

(f xid)rs,¢. Remark that, in general, 65 f is not 6.

Proof. We prove this by induction on the number of element of I (the result being clear if I is empty).
Using the last property (4) above, we can then assume that f is strict.

If ¢ f = 1 then for any u in [0,1]! and z in [0, 1] we have ¥ fu = 1 and so ry(fu, 2) =

If o f # 1 then we have ryy = ryrry and @ # 1, so 7y = ryry. We thus have

(f xid)ry¢(u, z) =

,2") =ri(u,z). We have 6;u’ =1 or 2/ = 0.
If 2/ =0, then r;(f x id)(u,z) = r;(f x id)rr(u, z) =

T (f X id)(u, 2) = ryry(f xid)(u, 2) = ry(fu',0) =

We write (u/

(f xid)ryprr(u, 2)

(fu',0) and so

(fu',0) = (f xid)ryy(u, 2)

If 6;u' = 1 then we can write u’ = (ib)v’ for some i in I and v’ in [0, 1]/ =%, We then have

(f xid)ryy(u, 2)

So that ry(f x id) =
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