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1 Henselian extensions

In all this paper A will be a local ring, with a detachable maximal ideal 9t. We let k be the
residue field A/M. If we have such a local ring A, 9 it is convenient to think of the elements of
M as “infinitesimal”, whereas the elements of A* are the ones that are observationally different
from 0. (The introduction of [8] is helpful there.)

We shall look at a polynomial system

filzy,...,zp) = ... = fu(z1,...,2) =0 (%)

which has a simple zero at (0, ...,0) residually: we have not only f;(0,...,0) = 0 residually but
also the Jacobian of this system J(0,...,0) is in A*.

We are going to associate, in an explicit way, to such a system a unitary polynomial f of
degre m which is of the form X™!(X — 1) residually. To this polynomial we can associate
the extension Ay of A obtained by forcing f(z) = 0 and inverting all elements g(z) such that
g(1) € A*. Intuitively we have added a root of f which is infinitely close to 1. The extension
Ay is called a simple Hensel extension of A. One can show that Ay is a local ring and we have
a local embedding of A into A, the maximal ideal 91 being the set of elements h(z)/g(z) such
that h(1) € 9 [1]. (This is actually rather direct since f is unitary.) For instance we have
z —1 € My and this expresses that z is infinitely close to 1.

The polynomial f will be such that in Ay there is a solution (x1,...,x,) of the system (x)
where all x1,...,z, are in ;. Thus we have found a local extension of A in which the system
(%) has a solution “infinitely close” to 0.

A unitary polynomial which is of degre m and of the form X™ (X — 1) residually is called
a special polynomial. Notice that if f is a special polynomial we always have f(1) = 0 and
f'(1) = 1 residually. Notice also that z is a unit of Ay. We call such an element a special unit.

We can summarise this discussion by the following result.

Theorem 1.1 There exists a special polynomial f such that the system (x) has an infinitesimal
solution in Ay.

In particular this means that it is consistent to add a root of the system (x) and if we do
that, we do it in a conservative way over A. Furthermore, it shows that the system (x) has a
solution in the Henselization of A, which is obtained from A by adding successively roots of
special polynomials [1].

To build such a solution, the first step is to extend the system (%) so that we get a new
system which has the property that it implies that all x; are in MA[x1, ..., x,].

Lemma 1.2 Assume fi,..., fn € k[X1,..., X,] are such that f1(0,...,0) =...= f,(0,...,0) =
0 and have a Jacobian J(0,...,0) in k* and let k[z1,...,x,] be k[X1,..., Xp]/<f1,..., fn>.
Then there exists an idempotent element e € 1+Xx;k[x1, ..., z,] such that exy = ... = ex, = 0.



Proof. After a linear change of coordinates we can assume that we have f; = X; — ¢g; where

all monomials in g; are of degree > 1. This means that, if z is the column vector (z1,...,x,),

we can write x = Mx where M is a n X n matrix in coefficient in Yz;k[z1,...,x,]. If e is the

determinant of I,, — M we have ex; = ... = ex, =0, and e € 1+ Xx;k[z1,...,z,]. This implies
2

e“ =e. U

Corollary 1.3 With the notations of Lemma 1.2, X1,..., X, 1 —X € <f1,..., fm,Xe —1>
in k[X1,...,Xn, X].

Proof. Indeed this ideal contains e? — e and Xe — 1 so it contains e — 1 and X — 1. Since it

contains eXq,...,eX, it contains also X1,...,X,. O

If we lift this to A and A[X}, ..., X,,] this means that, maybe after adding one indeterminate
and one equation, one can assume that we have vy, ..., v, in MA[X7, ..., X,] such that X; —
Vly.ooy Xy — Uy are in <fi,..., fn>.

We shall follow Peskine’s proof of Zariski Main Theorem [7] for proving constructively the
following formulation of this theorem.

Theorem 1.4 We assume that B = Alxy,...,x,] is an A-algebra such that x1,...,x, € MB.
There exists s € 1 + 9B such that s, sx1,..., sz, are integral over A.

The statement is proved only for two elements x, y, but it holds, with the same argument as
the one we give, for n elements as well. The argument we give for Theorem 1.4 follows closely
Peskine’s proof. One main point is the elimination of the use of a generic minimal prime.

Before giving the proof of Theorem 1.4, we explain how it can be used for Theorem 1.1. We
apply it to the algebra B = Alxy,...,z,] where z1,...,x, are forced to be a solution of the
system (x), assuming that this system implies z1,...,z, € 9B. Notice that, a priori, it may
be that 1 € 9B or that 1 = 0 in B. It will be a consequence of Theorem 1.1 that this is not
the case, and furthermore B is conservative over A: if a € A then a = 0 in B if and only if
a=0in A.

By Theorem 1.4 we find s = s(z1,...,2,) in 1 + 9B and s, sxy, ..., sz, are integral over
A. We let D = Als, sx1,...,8Ty].

Lemma 1.5 For each u € B there exists p such that sPu is in D.

Proof. Indeed u can be written as a polynomial in x1,...,z, and so s™u can be written as a

polynomial in s, sz, ..., sz, for m big enough. O
Since s, sx1,. .., ST, are integral over A, D is a finite A-module. So it is a finite A[s]-module

as well, and the generators are mg = 1, my, ..., m; where each my,...,m; is a product of powers

of sx;. So each generator myq,...,m; is in IMB.

Lemma 1.6 There exists p such that all sPmy,...,sPm; are in MMD.

Proof. Indeed each m; is in 9B and we can apply Lemma 1.5. O

Corollary 1.7 There exists a unitary polynomial d(X) = X' 4 ... which is X' residually
such that d(s)D C A[s].

Proof. Indeed we write sPm; = Xpu;ym; for i =1,...,1 and mg = 1 where each p;; is in 9. By
taking the determinant d(s) of this system we obtain the result. O



This shows that each z1,...,x, can be expressed as a rational function of s, and we write
hi(s) = d(s)sz; = q(s)x; with ¢(X) = Xd(X). We let N be a bound of the degree of fi,..., f,
and we let F;(2) be q(2)V fi(h1(2)/q(2), ..., ha(2)/q(2)).

Corollary 1.8 s is a root of the system Fy(s) = ... = F,(s) = 0.

Notice that s — 1 € MB. By using Lemma 1.5 we have N such that sV(s — 1) € 9MD.
By using Corollary 1.7, we get d(s)s"(s — 1) € MA[s]. Thus we see that s is the root of a
polynomial which is of the form XP~1(X — 1) residually. We can get a little better and obtain
that s is the root of a special polynomial.

Lemma 1.9 Let p be minimal such that s is a root of a polynomial F of the form XP~}(X —1)
residually. Then s is the root of a special polynomial of degree p.

Proof. We have that 1,...,sP~! generates A[s] as a A-module by using Nakayama’s lemma.
Thus s is the root of a unitary polynomial of degree p. This polynomial G has to be XP~}(X —1)
residually, otherwise s would be the root of the ged of this polynomial F' and G (we do the
computation residually). Since this polynomial divides XP~!(X — 1) residually it has to be of
the form X971(X — 1) residually with ¢ < p. O

We don’t need to be able to compute the minimal value for p, and we cannot compute it
in general. We follow the proof of Lemma 1.9 and proceed dynamically. We find in this way
a special polynomial f of which s is a root, and we can do as if this polynomial is of minimal
degree.

The claim is now that for this polynomial f the system (x) has a root in Ay. For this,
since we have Fj(z) = q(2)V f;(h1(2)/q(2),...,hn(2)/q(2)) and q(1) = 1 residually the only
condition that we have to check is Fi(z) = ... = F,(2) = 0. By the minimality condition on
f we can assume that Fy(X),..., F,(X) are multiple of f(X) residually. (This is an example
where we can reason dynamically: if after dividing Fi,...,F, by f we find some remaining
polynomial which is not 0 residually we can replace f by a smaller special polynomial. After a
finite number of such operations we are in the situation where F;(X), ..., F,,(X) are all multiple
of f(X) residually.)

Thus we have that all F(z),...,F,(z) are infinitely small in Ay. We let I be the ideal
<Fi(2),...,Fn(2)>in Ay.

Lemma 1.10 (Newton’s lemma) If C' is an A-algebra, I an ideal of C, and there is a solution
(u1,...,up) of (x) mod. I then there exists ii,...,i, € I such that (u; + i1,...,up + ip) Is a
solution of (*) mod. I?.

Lemma 1.11 In the ring Ay we have I = 1%

Proof. Notice that hi(2)/q(2),...,hn(2)/q(z) a solution of the system (*) mod I. By Lemma
1.10 there exits a solution 1, .. ., y, mod I? of the system (x). It follows that ¢t = s(y1,..., %) €
1+MA[y1, . .., ys] is a root of the special polynomial f mod I?, and that we have q(t)y; = h;(t).
(Indeed, all this follows uniquely formally as soon as we have somewhere a solution of the system
(¥).) Also t is in Ay infinitely close to 1. Since ¢ is infinitely close to 1 and f(t) = 0 mod I?
it follows that we have z = t mod I%: we can write f(t) = (t — 2)f'(2) + (t — 2)?u and since
t —z € My and f/(z) is invertible, f(t) € I? implies t — z € I?. Thus ¢(2)y; = hi(z) mod I?
and we have Fy(2),...,F,(z) = 0 mod I?, as desired. O



Corollary 1.12 We have I = 0 and so h1(2)/q(2),-..,hn(2)/q(2) is a solution of the system
(%) in Ajy.

Proof. Since Fi(z),...,F,(z) are infinitely small in A, the inclusion I C I? implies (like in
Nakayma’s lemma) that I = 0. O

2 Zariski Main Theorem

In the following we shall reserve the names A, B, as described in the statement of Theorem
1.4. The monoid M =1+ 9MB will play a crucial role.

Lemma 2.1 If R C S and t € S satisfies an equation a,t" + ...+ ag = 0 with ag,...,a, € R
then ant is integral over R.

n—1
n

Proof. We have, by multiplying the equation by a
(ant)" + an_1(ant)" P+ ...+ a" g =0
which shows that a,t is integral over R. O

This is only a special case of a more important result, which comes from [3].

Lemma 2.2 If R C S and t € S satisfies an equation a,t" + ...+ ag = 0 with ag,...,a, € R
and we take u, = Gn,Up_1 = Upt+ Ap_1,...,uyg = w1t +ag = 0 then u,,...,uqg and uyt, ..., ugt
are integral over R and <uy,...,u,> = <ag,...,a,> as ideals of S.

Proof. By Lemma 2.21 we have first u,t = a,t integral over R. It follows that u,—1 = tu, +a,_1
is integral over R. We have then

Up1t" Pt anot" 2+ ... +ay=0

so that, by Lemma 2.21 again, u,_1t is integral over R[u,| and so over R. In this way, we get
that wy,, unt, Un—1,Un—1t, ..., ug = 0 are all integral over R. O

We deduce from this the following way of building integral elements that are in the monoid
M.

Corollary 2.3 If A C C C B and t € B satisfies an equation a,t™ + ... + ag = 0 with
ag,...,ayn € C and at least one of them in M then there exists uw in M such that u,ut are
integral over C.

Proof. By Lemma 2.2 we first find u,,...,uq € B such that u,, unt, ..., ug, ugt are integral over
C and by Lemma 2.2 at least one u; is in M. 0

Corollary 2.3 can be formulated as follow: if ¢ is the root of a polynomial in C[T] which is
not 0 mod 9B then there exists u in M such that u, ut are integral over C.

Lemma 2.4 If't is integral over R[z] and p(x) is a monic polynomial in R[x] such that tp(x)
is in R[z] then there exists q in R[x] such that t — q is integral over R.

Proof. We write tp = r(z) in R[z]. We do the Euclidian division of r(X) by p(X) and get
r = pq +r1. We can then write (t — ¢)p = r1. This shows that we have p = (t — ¢)"'ry in
R[(t — q¢)~!][z] and hence that x is integral over R[(t — ¢q)~!]. Since t — ¢ is integral over R[]
we get that t — ¢ is integral over R[(t — q)~!] and hence over R. O



Lemma 2.6 is a variation on this lemma. With Corollary 2.3 this gives the second way of
building integral elements.

Lemma 2.5 Ift is integral over R[z]| then there exists | such that for all a € R we have that
a't is integral over R[ax].

Proof. We have an equation for ¢ of the form " + py(z)t" ™! + ... + pu(z) = 0. Let [ be the
greatest exponent of z in this expression. By multiplying by a’ we get an equality of the form

" + qi(az)t" V. 4 gulax) =0
and hence, by Lemma 2.1, a't is integral over R[az]. O

Lemma 2.6 Ift is integral over R[x] and p(z) = apx® + ...+ ag is a polynomial in R[z] such
that tp(x) is in R[z] then there exists q in R[x| and m such that a]'t — q is integral over R.

Proof. By Lemma 2.5 we have [ such that a't is integral over Rlaz] for all a. We write tp(z) =
r(z) and by multiplying by a suitable power of a;, we get an ta)'P(arx) € Rlagx] with m > 1
and P monic. We can then apply Lemma 2.4. O

Corollary 2.7 Ift is integral over R[x] and R is integrally closed in R[z,t] and t(apz® + ...+
ag) € R[x] then there exists m such that a}'t € R[x].

We assume now ¢ integral over R[x] of degree n and R integrally closed in S = R[x,t]. We
define J = (R[z] : S).

Lemma 2.8 Ifu € S we have u € J if and only if u,ut, ... ,ut"™' € R[z].

Proof. This is clear since all elements of S can be written g,_1(z)t" ' + ... + qo(7). O

Lemma 2.9 Ifu € S and ag, ...,a; € R and u(ag + ... + apz®) € J then there exists m such
that uay® € J.

Proof. We have by Lemma 2.8
(ag + ... + arz®u, (ag + ... + apaz®ut, ..., (ag + ... + apz®)ut" ! € R[z]

All elements ut’ are integral over R[x] and R is integrally closed in Rz, ut’]. Hence by Corollary
2.7 we find m such that af'ut’ € Alz]. O

We consider now the radical v/.J of J in S.

Corollary 2.10 Ifu € S and ag, ... ,a; € R and u(ag + ... + apz®) € V/J then uag, ..., uay €

V.

Proof. We have [ such that u'(ag + ... + apz®)! € J. By Lemma 2.9 we have m such that
ul(afg)m € J and hence uay, € v/J. It follows that uaz* € v/.J and so u(ag+. . .+ap_12571) € V/J
and we get successively uay_1,...,uag € vJ. O

Corollary 2.11 Assume S = Rz, t] with t integral over R[z] and R is integrally closed in S.
We take J = (R[z] : S). If we take D = S/v/J and C = R/RN~/J then D = Clx,t] is a
reduced ring with a subring C such that t is integral over C[z] and x is transcendent over C' in
the strong sense that we have for all w € D and ao, . ..,a; € C, if u(ag + ...+ apx®) = 0 then
uag = ... =uar = 0.



Let S be an R-algebra and let I be an ideal of R. We say that t € B is integral over I if
and only if it satisfies a relation t” + a1t"" ! + ...+ a, = 0 with a1,...,a, in I. The integral
closure of I in S is the ideal of elements of S that are integral over I.

Lemma 2.12 If S is integral over R then the integral closure of I in S is v/IS.

Proof. See [2] Lemma 5.14. O

Lemma 2.13 If X* + ;. X% 1 + ... + a; divides X" + b, X" ' + ... +b, then ay,...,a; are
integral over by, ..., by,

Proof. We can assume X* +a; X* 14+ ... +ap = (X —t1)...(X —tz). We have then ty,...,1
integral over by,...,b, and hence also aj,...,a; since they are (symmetric) polynomials in
t1,..., k. O

From now on, we assume that D is a reduced C-algebra and that x € D is strongly transcen-
dent over C in the sense that we have for all u € D and ay,...,a, € C, if u(apz"+...+a,) =0
then wag = ... = ua, = 0. This hypothesis is stable by localisation: «x is still strongly tran-
scendent over C' in D[1/u] for any u € D. More generally, if U is a monoid of D then x
is still strongly transcendent over C' in Dy. We assume also that [ is an ideal of C, that
P(T,X) =T +a (X)T™ ' +.. +an(X)and Q(T, X) = X" T+ (X)X 1T g 4 (X)
in C[X,T] are such that ui(X),...,un(X) € IC[X], m < n and that ¢ € D is such that
P(t,x) = Q(t,x) = 0. The goal is to show that, under these hypotheses, we have ¢ integral over
IC[x]'. By Lemma 2.12 this is equivalent to say that 0 belongs to the monoid N + IC[x, 1],
and by localising at this monoid U, i.e. replacing D by Dy, we are reduced to show that 1 =0
in D.

Lemma 2.14 Assume C; C D, that x is transcendent over C; and that G(T,z) = T* +
bi(z)TF1 + ... + bi() divides Q(T,x), with by(x),...,by(z) € Cy[x] and G(t,x) = 0. Then D

is a trivial ring.

Proof. Since z is transcendent over Cy we have that G(T, X) = T* + by (X)TF~1 + ... + bp(X)
divides Q(T, X) = X"T" 4 puy (X)X 1771 + . + pn(X). By taking T = X we see that
XNE Ly (X)X NE=D by (X)) divides XPXN 4 g (X)X IXNO=D 0 (X). IEN
is big enough we can apply Lemma 2.13 and conclude that all coefficients of b1 (X), ..., bg(X)
are integral over I. Since G(t,x) = tF 4+ by(2)t* =1 + ... 4+ bp(z) = 0 it follows that ¢ is integral
over IC[z], and so D is a trivial ring. O

Lemma 2.15 Ifu € D and u,ux are integral over C' then u = 0.

Proof. We have (uz)' + ¢ (uz)”~' 4 ... 4+ ¢ = 0 for some cy,...,¢ in C. From ¢ = —(ux)' —
c1(uz)" ' — ... — ¢_juz and the fact that u is integral over C' and that D is reduced it follows
that we have ¢; = 0. We have then uz((uz)"™" + ...+ ¢_1) = 0 and similarly uazc,_; = 0 and
so uc;—1 = 0. In this way we deduce uc;_o =...=u=0. O

Corollary 2.16 If Cy C D and C is integral over C then x is strongly transcendent over C1.

L At this point, Peskine’s argument is essentially to introduce a minimal prime of D to reduce the proof to the
case where D is an integral domain. We avoid the use of this minimal prime ideal by considering all subresultants
instead of the ged of the polynomials P(T,z) and Q(T, x).



Lemma 2.17 If C1 C D and z is strongly transcendent over C7 and a € C then x is strongly
transcendent over C1[1/a] in D[1/a].

Lemma 2.18 D is a trivial ring.

Proof. We compute the subresultants of P(T,z) and Q(T,z) in C[z]|[T] and we show that
they are all 0, i.e. P(T,z) has to divide Q(7,z). The conclusion follows then from Lemma
2.14. We consider one such subresultant so(x)T% + ¢ (2)T*! 4 ... 4 ci(z) asssuming that
all previous subresultants have been shown to be 0. We can assume so(x) to be invertible,
replacing D by DI[1/sg]. We let a be the leading coefficient of so(x) and we show a = 0. We
write b;(z) = ¢;(2)/s0(x). Since T + by(2)T* 1 + ... + bi(x) divides P(T,z) we have that
bi(z),...,bg(z) are integral over C[z] by Lemma 2.13. By Lemma 2.4, bi(x),...,bg(z) are in
C4]1/a]lz] with C integral over C. By Corollary 2.16 and Lemmas 2.14 and 2.17, we have 1 = 0
in D[1/a] and hence a =0 in D. O

Corollary 2.19 If S = R[z,t] and R is integrally closed in S and t is integral over R[x] and I
ideal of R such that tx € /IS then t € \/IS mod /J where J = (R[z] : S).

Proof. This follows from Corollary 2.11 and Lemma 2.18. O

Corollary 2.20 If A C C[z] € B and t in M and t is integral over Clx] and tx € /IMC[z, ]
then there exists u in M such that u,ux are integral over C.

Proof. Let R be the integral closure of C' in S = C[z,t]. By Corollary 2.3, it is enough to find
a polynomial in R[T], with one coefficient in M, of which z is a root. By Corollary 2.19 we get
a € JNM. Since a,at € M N R[z| both are polynomial in R[x] and both have their constant
coefficient in M. Using tx € MC|z,t] we get a polynomial in R[T], with one coefficient in M,
of which zx is a root. O

Lemma 2.21 Ift, ty are integral over Alx| and s, sx integral over A then there exists N such
that s™Vt, sNtx, sVty are integral over A.

Proof. We write t* + aq(x)t"=! + ... + ax(x) = 0 and t'y! + by (2)t! 1y~ + ... + b = 0. Let
z% be the highest power of = that appears in these expressions. We have that s% and sty are
integral over s, sz and so over A, and we take N =d + 1. O

We now have all the elements for the proof of main Theorem.

Theorem 2.1 We assume that B = A[z,y| is an A-algebra such that x,y € MMB. There exists
s € 1 + 9B such that s, sx, sy are integral over A.

Proof. We can write y = u(y) with u(y) € 9Mz][y]. The polynomial T'— u(7T') in A[x][T] is then
a polynomial, which is 1 mod 9B, of which y is a root. Hence by Corollary 2.3 there exists w
in M such that w,wy integral over A[z]. We can even assume wy € A[zx].

Since z € MB we have zw! € MA[z, w, wy| for | big enough. If we take t = w! it follows
from Lemma 2.12 that we have zt € VIS where S = A[z, t]. By Corollary 2.20 we find u € M
such that u, uz are integral over A. We can then take s = tuY for N big enough using Lemma
2.21. U



We show that the same argument works with B = A[z1, 9, x3]. We have v;(X1, X9, X3) €
IMA[X1, X2, X3] such that

xr1 = 1/1(961,362,333), €T = V2(IL’1,IE2,363), xr3 = V3($1,$2,9C3)

Using Corollary 2.3 we compute first ¢ in M such that ¢ is integral over A[xy,zo] and tzsg €

Alxy, z2]). We have then for some [ that xot! is in M A[z1, 29, t, tr3] and hence is in /MM A[z1, 22, ).
Using 2.19 we find v in M such that ut! is in C[xy] where C' is the integral closure of Alz1].

Then using xo € /9MA[z1, z2,t!] again we find a polynomial in C[T], which is 1 mod IMB, of

which xo is a root, and hence we can find v in M such that v,vxo are in C, i.e. are integral

over Alz;]. Taking w = tv for v large enough, we get w in M such that w,wzs, wzs are

integral over A[z1]. Since x; = vi(x1,x2,23) we can find p large enough such that z;w? is in

MA[x1, w, wre, wrs] and using Corollary 2.20 we find s in M such that s, sz are integral over

A. We can then finish by taking ws™ for M big enough.

3 Examples

3.1 One variable

If we have a system © = ag+asz’+. . .4+a,z" with ag € 9. We first take t = 1—asz—. . . —a ™!
and we have xt = ag. In this case it is easy to compute the equation for ¢ since t — 1 =
—ao® — ... — apx" ! and hence t"71(t — 1) = —agapt" % — ... — anagfl. We find in this way

the change of variables of [1].

3.2 Two variables

We analyse the example where A is the local ring Q[a,b|s, S being the monoid of elements
p(a,b) € Q[a,b] such that p(0,0) # 0. We take next B = A[z,y] where x,y are defined by the
equations

—a+ x + bry + 2bz? = 0, —b4y+ar® +axy+ by =0 (%)

We shall compute s € B integral over A such that sx, sy integral over B and s = 1 mod 9B.
Following the proof we take t = 1 + ax + by. We have that ¢ = 1 mod 9B and t, ty integral
over A[z]. We have even ty = y + axy + by? = b — ax? in A[z]. The equation for ¢ is

t? — (1 + azx)t — b+ ax?

We have then
tr = x + ar® + bry = a + (a — 2b)x>

and so
(t—(a—2b)x)r=a

If we take u =t — (a — 2b)x = 1 4 2bx + by we have u = 1 mod MB and ux in A and wu is
integral over A. Indeed u is integral over A[l/u] since x is in A[1/u] and w is integral over A[z].
If we take s = tu? we have s, sz, sy integral over A. Indeed, uz is in A and since t* —
(1 4+ ax)t — b + az? we have tu and hence s integral over A. Since ty = b — ax? we have
sy = vu? — a(ux)? integral over A. Finally sz = (tu)(ux) is integral over A.
For this example, it can be checked that u satisfies the equation f(u) = 0 with

f(u) = u —ud + (a® — 4ab — b*)u? + a(2b — a)u + a®b(4b — a)



One can then check that if we take

R B bu? —a
—w YT w(u? — a(2b — a))

then one has identically —b + y + az? + axy + by? = 0 and the equation f(u) = 0 implies
—a + z + bry + 2bz? = 0. Thus, the system (*) has a solution in A ¢ which is a simple Hensel
extension of A.
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